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Abstract. Recently Sb-metric spaces have been introduced as the generalizations of
metric and S-metric spaces. In this paper we investigate some basic properties of this
new space. We generalize the classical Banach’s contraction principle using the theory of
a complete Sb-metric space. Also we give an application to linear equation systems using
the Sb-metric which is generated by a metric.
1. Introduction and mathematical preliminaries
Metric spaces and fixed point theorems are very important in many areas of
mathematics. Some generalizations of metric spaces and fixed points of various
contractive mappings have been studied extensively. Bakhtin introduced b-metric
spaces as a generalization of metric spaces [4]. Mustafa and Sims defined the concept
of a generalized metric space which is called a G-metric space [10]. Sedghi, Shobe
and Aliouche gave the notion of an S-metric space and proved some fixed-point
theorems for a self-mapping on a complete S-metric space [16]. Aghajani, Abbas
and Roshan presented a new type of metric which is called Gb-metric and studied
some properties of this metric [1]. Since then, many authors obtained several fixed-
point results in the various generalized metric spaces (see [2], [3], [5], [6], [7], [8], [9],
[11], [12], [13], [17] and [18] for more details). Also some applications of fixed point
theory were studied on various metric spaces. It was given several applications
of the Banach’s contraction principle in many areas such as integral equations,
linear equations, differential equations etc. For example, the present authors were
investigated complex and differential applications on S-metric spaces (see [14] and
[15]).
Recently, the concept of an Sb-metric space as a generalization of metric spaces
and S-metric spaces have been introduced in [19] and a common fixed point theorem
for four mappings have been studied on a complete Sb-metric space. Also the notion
of an Sb-metric was generalized to the notion of an Ab-metric in [21]. An Sb-metric
* Corresponding Author.
Received March 00, 2014; revised May 00, 2014; accepted November 00, 2014.
2010 Mathematics Subject Classification: 47H10, 54H25, 34A30.
Key words and phrases: Sb-metric space, fixed point, Banach’s contraction principle, linear
equation.
1
2 N. TAS¸ and N. YILMAZ O¨ZGU¨R
space is a space with three dimensions whereas an Ab-metric space is a space with n
dimensions. When n = 3, these two notions of “an Sb-metric” and “an Ab-metric”
coincide. Some fixed point theorems were given under different contraction and
expansion type conditions (see [21] for more details).
In this paper we consider a complete Sb-metric space and prove two general-
izations of the classical Banach’s fixed point result. In Section 2, we recall some
known definitions. In Section 3, we deal with the notion of an Sb-metric and inves-
tigate some properties of Sb-metric spaces. We study some relationships between
an Sb-metric and other some metrics. In Section 4, we prove the Banach’s contrac-
tion principle on a complete Sb-metric space and give a new fixed point theorem
as a generalization of the Banach’s contraction principle with a counterexample.
In Section 5, we present an application to linear equations on an Sb-metric space
(X,S1).
2. Preliminaries
In this section we recall the following definitions.
Definition 1.1. [4] Let X be a nonempty set, b ≥ 1 be a given real number
and d : X × X → [0,∞) be a function satisfying the following conditions for all
x, y, z ∈ X .
(b1) d(x, y) = 0 if and only if x = y.
(b2) d(x, y) = d(y, x).
(b3) d(x, z) ≤ b[d(x, y) + d(y, z)].
Then the function d is called a b-metric on X and the pair (X, d) is called a
b-metric space.
Definition 1.2. [10] Let X be a nonempty set and G : X ×X ×X → [0,∞)
be a function satisfying the following conditions.
(G1) G(x, y, z) = 0 if x = y = z.
(G2) 0 < G(x, x, y) for all x, y ∈ X with x 6= y.
(G3) G(x, x, y) ≤ G(x, y, z) for all x, y, z ∈ X with y 6= z.
(G4) G(x, y, z) = G(x, z, y) = G(y, z, x) = · · · .
(G5) G(x, y, z) ≤ G(x, a, a) +G(a, y, z) for all x, y, z, a ∈ X .
Then the function G is called a generalized metric or a G-metric on X and the
pair (X,G) is called a G-metric space.
Definition 1.3. [1] Let X be a nonempty set, b ≥ 1 be a given real number
and Gb : X ×X ×X → [0,∞) be a function satisfying the following conditions.
(Gb1) Gb(x, y, z) = 0 if x = y = z.
(Gb2) 0 < Gb(x, x, y) for all x, y ∈ X with x 6= y.
(Gb3) Gb(x, x, y) ≤ Gb(x, y, z) for all x, y, z ∈ X with y 6= z.
(Gb4) Gb(x, y, z) = Gb(x, z, y) = Gb(y, z, x) = · · · .
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(Gb5) Gb(x, y, z) ≤ b[Gb(x, a, a) +Gb(a, y, z)] for all x, y, z, a ∈ X .
Then the function Gb is called a generalized b-metric or a Gb-metric on X and
the pair (X,Gb) is called a Gb-metric space.
Definition 1.4. [16] Let X be a nonempty set and S : X ×X ×X → [0,∞)
be a function satisfying the following conditions for all x, y, z, a ∈ X .
(S1) S(x, y, z) = 0 if and only if x = y = z.
(S2) S(x, y, z) ≤ S(x, x, a) + S(y, y, a) + S(z, z, a).
Then the function S is called an S-metric on X and the pair (X,S) is called an
S-metric space.
We use the following lemma in the next sections.
Lemma 1.1. [16] Let (X,S) be an S-metric space. Then we have
S(x, x, y) = S(y, y, x).
3. Sb-Metric spaces
In this section we recall the notion of an Sb-metric space and study some
properties of this space.
Definition 2.1. [19] Let X be a nonempty set and b ≥ 1 be a given real
number. A function Sb : X ×X ×X → [0,∞) is said to be Sb-metric if and only if
for all x, y, z, a ∈ X the following conditions are satisfied:
(Sb1) Sb(x, y, z) = 0 if and only if x = y = z,
(Sb2) Sb(x, y, z) ≤ b[Sb(x, x, a) + Sb(y, y, a) + Sb(z, z, a)].
The pair (X,Sb) is called an Sb-metric space.
We note that Sb-metric spaces are the generalizations of S-metric spaces since
every S-metric is an Sb-metric with b = 1. But the converse statement is not
always true (see [19] for more details). In the following we give another example of
an Sb-metric which is not an S-metric on X .
Example 2.1. Let X = R and the function Sb be defined as
Sb(x, y, z) =
1
16
(|x− y|+ |y − z|+ |x− z|)2.
Then the function Sb is an Sb-metric with b = 4, but it is not an S-metric. Indeed,
for x = 4, y = 6, z = 8 and a = 5 we get
Sb(4, 6, 8) = 4, Sb(4, 4, 5) =
1
4
, Sb(6, 6, 5) =
1
4
, Sb(8, 8, 5) =
9
4
.
Hence we have
Sb(4, 6, 8) = 4 ≤ Sb(4, 4, 5) + Sb(6, 6, 5) + Sb(8, 8, 5) = 11
4
,
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which is a contradiction with (S2).
Definition 2.2. Let (X,Sb) be an Sb-metric space and b > 1. An Sb-metric Sb
is called symmetric if
(1) Sb(x, x, y) = Sb(y, y, x),
for all x, y ∈ X .
In [20], it was given a definition of an Sb-metric with the symmetry condition
“Sb(x, x, y) = Sb(y, y, x)” (see Definition 1.3 on page 132). However in the definition
of an Sb-metric the symmetry condition (1) is not necessary. In fact, for b = 1 the
Sb-metric induced to an S-metric. It is known that the symmetry condition (1)
is automatically satisfied by an S-metric (see Lemma 2.5 on page 260 in [16]). So
Definition 2.1 of an Sb-metric is more general than given in [20].
We give the following examples of symmetric Sb-metric and non-symmetric Sb-
metric, respectively.
Example 2.2. Let (X, d) be a metric space and the function Sb : X×X×X →
[0,∞) be defined as
Sb(x, y, z) = [d(x, y) + d(y, z) + d(x, z)]
p
,
for all x, y, z ∈ X and p > 1. Then it can be easily seen that Sb is an Sb-metric on
X . Also the function Sb satisfies the symmetric condition (1).
Example 2.3. Let X = R and the function Sb : X × X × X → [0,∞) be
defined as
Sb(0, 0, 1) = 2,
Sb(1, 1, 0) = 4,
Sb(x, y, z) = 0 if x = y = z,
Sb(x, y, z) = 1 otherwise,
for all x, y, z ∈ R. Then the function Sb is an Sb-metric with b ≥ 2 which is not
symmetric.
We define some topological concepts in the following:
Definition 2.3. Let (X,Sb) be an Sb-metric space, x ∈ X and A,B ⊂ X .
1. We define the distance between the sets A and B by
Sb(A,A,B) = inf{Sb(x, x, y) : x ∈ A, y ∈ B}.
2. We define the distance of the the point x to the set A by
Sb(x, x,A) = inf{Sb(x, x, y) : y ∈ A}.
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3. We define the diameter of A by
δ(A) = sup{Sb(x, x, y) : x, y ∈ A}.
Now we recall the definition of an open ball and a closed ball on Sb-metric
spaces, respectively.
Definition 2.4. [19] Let (X,Sb) be an Sb-metric space. The open ball B
b
S(x, r)
and the closed ball BbS [x, r] with a center x and a radius r are defined by
BbS(x, r) = {y ∈ X : Sb(y, y, x) < r}
and
BbS [x, r] = {y ∈ X : Sb(y, y, x) ≤ r},
for r > 0, x ∈ X , respectively.
Example 2.4. Let us consider the Sb-metric space defined in Example 2.1 as
follows:
Sb(x, y, z) =
1
16
(|x− y|+ |y − z|+ |x− z|)2,
for all x, y, z ∈ R. Then we get
BbS(0, 2) = {y ∈ R : Sb(y, y, 0) < 2} = (−2
√
2, 2
√
2)
and
BbS [0, 2] = {y ∈ R : Sb(y, y, 0) ≤ 2} = [−2
√
2, 2
√
2].
Definition 2.5. Let (X,Sb) be an Sb-metric space and X
′ ⊂ X .
1. If there exists r > 0 such that BbS(x, r) ⊂ X ′ for every x ∈ X ′ then X ′ is
called an open subset of X .
2. Let τ be the set of all X ′ ⊂ X with x ∈ X ′ such that there exists r > 0
satisfying BbS(x, r) ⊂ X ′. Then τ is called the topology induced by the Sb-
metric.
3. X ′ is called Sb-bounded if there exists r > 0 such that Sb(x, x, y) < r for all
x, y ∈ X ′. If X ′ is Sb-bounded then we will write δ(X ′) <∞.
Definition 2.6. [19] Let (X,Sb) be an Sb-metric space.
1. A sequence {xn} in X converges to x if and only if Sb(xn, xn, x) → 0 as
n → ∞, that is, for each ε > 0 there exists n0 ∈ N such that for all n ≥ n0,
Sb(xn, xn, x) < ε. It is denoted by
lim
n→∞
xn = x.
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2. A sequence {xn} in X is called a Cauchy sequence if for each ε > 0 there
exists n0 ∈ N such that Sb(xn, xn, xm) < ε for each n,m ≥ n0.
3. The Sb-metric space (X,Sb) is said to be complete if every Cauchy sequence
is convergent.
Now we investigate some relationships between Sb-metric and some other met-
rics. The relationship between a metric and an S-metric are given in [7] as follows:
Lemma 2.1. [7] Let (X, d) be a metric space. Then the following properties
are satisfied:
1. Sd(x, y, z) = d(x, z) + d(y, z) for all x, y, z ∈ X is an S-metric on X .
2. xn → x in (X, d) if and only if xn → x in (X,Sd).
3. {xn} is Cauchy in (X, d) if and only if {xn} is Cauchy in (X,Sd).
4. (X, d) is complete if and only if (X,Sd) is complete.
Since every S-metric is an Sb-metric, using Lemma 2.1 we say that an Sb-metric
generated by a metric d is defined as follows:
Sdb (x, y, z) = b[d(x, z) + d(y, z)],
for all x, y, z ∈ X with b ≥ 1. But there exists an Sb-metric which is not generated
by any metric as seen in the following example.
Example 2.5. Let X = R. We consider the function S : X ×X ×X → [0,∞)
given in [12] as follows:
S(x, y, z) = |x− z|+ |x+ z − 2y| ,
for all x, y, z ∈ R. Then (X,S) is an S-metric space. Hence (X,S) is an Sb-metric
space with b = 1. This metric is not generated by any metric d.
In the following lemmas, we show that the relationships between b-metric and
Sb-metric.
Lemma 2.2. Let (X,Sb) be an Sb-metric space, Sb be a symmetric Sb-metric
with b ≥ 1 and the function d : X ×X → [0,∞) be defined by
d(x, y) = Sb(x, x, y),
for all x, y ∈ X . Then d is a b-metric on X .
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Proof. It can be easily seen that the conditions (b1) and (b2) are satisfied. Now we
show that the condition (b3) is satisfied. Using the inequality (Sb2) we have
d(x, y) = Sb(x, x, y) ≤ b[2Sb(x, x, z) + Sb(y, y, z)]
= 2bSb(x, x, z) + bSb(y, y, z)
and
d(x, y) = Sb(y, y, x) ≤ b[2Sb(y, y, z) + Sb(x, x, z)]
= 2bSb(y, y, z) + bSb(x, x, z).
Hence we obtain
d(x, y) ≤ 3b
2
[d(x, z) + d(y, z)],
for all x, y ∈ X . Then d is a b-metric on X with 3b
2
.
Lemma 2.3. Let (X, d) be a b-metric space with b ≥ 1 and the function
Sb : X ×X ×X → [0,∞) be defined by
Sb(x, y, z) = d(x, z) + d(y, z),
for all x, y, z ∈ X . Then Sb is an Sb-metric on X .
Proof. It can be easily verify that the conditions (Sb1) is satisfied. We prove that
the condition (Sb2) is satisfied. Using the inequality (b3) we get
Sb(x, y, z) = d(x, z) + d(y, z)
≤ b[d(x, a) + d(a, z)] + b[d(y, a) + d(a, z)]
= bd(x, a) + 2bd(a, z) + bd(y, a)
≤ 2bd(x, a) + 2bd(y, a) + 2bd(a, z)
= b[Sb(x, x, a) + Sb(y, y, a) + Sb(z, z, a)],
for all x, y, z ∈ X . Then Sb is an Sb-metric on X with b.
Now we give the following example to show that there exists an Sb-metric which
is not generated by any b-metric.
Example 2.6. Let X = R and define the function Sb : X ×X ×X → [0,∞)
Sb(x, y, z) = b (|x− z|+ |x+ z − 2y|) ,
for all x, y, z ∈ R, where b ≥ 1. Then (R, Sb) is an Sb-metric space. Now we show
that there does not exist any b-metric d which generates this Sb-metric. Conversely,
assume that there exists a b-metric d such that
Sb(x, y, z) = d(x, z) + d(y, z),
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for all x, y, z ∈ R. Then we get
Sb(x, x, z) = 2d(x, z) = 2b |x− z| and d(x, z) = b |x− z|
and
Sb(y, y, z) = 2d(y, z) = 2b |y − z| and d(y, z) = b |y − z| ,
for all x, y, z ∈ R. Therefore we obtain
b (|x− z|+ |x+ z − 2y|) = b |x− z|+ b |y − z| ,
which is a contradiction. Consequently, the Sb-metric can not be generated by any
b-metric.
Remark 2.1. Notice that the class of all S-metrics and the class of all G-
metrics are distinct [5]. Since every S-metric is an Sb-metric and evey G-metric
is a Gb-metric then the class of all Sb-metrics and the class of all Gb-metrics are
distinct.
4. Some fixed point results
In this section we prove the Banach’s contraction principle on complete Sb-
metric spaces. Then we give a generalization of this principle. We use the following
lemma.
Lemma 3.1. [19] Let (X,Sb) be an Sb-metric space with b ≥ 1, then we have
Sb(x, x, y) ≤ bSb(y, y, x) and Sb(y, y, x) ≤ bSb(x, x, y).
Theorem 3.1. Let (X,Sb) be a complete Sb-metric space with b ≥ 1 and
T : X → X be a self-mapping satisfying
(1) Sb(Tx, Tx, T y) ≤ hSb(x, x, y),
for all x, y, z ∈ X , where 0 ≤ h < 1
b2
. Then T has a fixed point x in X .
Proof. Let T satisfies the inequality (1) and x0 ∈ X . Then we define the sequence
{xn} by xn = T nx0. Using the inequality (1) and mathematical induction we obtain
(2) Sb(xn, xn, xn+1) ≤ hnSb(x0, x0, x1).
Since the conditions (Sb2) and (2) are satisfied for all n,m ∈ N with m > n, using
Lemma 3.1 we get
Sb(xn, xn, xm) ≤ b[2Sb(xn, xn, xn+1) + Sb(xm, xm, xn+1)]
...
≤ 2bh
n
1− b2hSb(x0, x0, x1).
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Since h ∈ [0, 1
b2
), where b ≥ 1, taking limit for n → ∞ then we obtain
Sb(xn, xn, xm) → 0 and so {xn} is a Cauchy sequence. Since X is complete Sb-
metric space there exists x ∈ X with lim
n→∞
xn = x.
Assume that Tx 6= x. Using the inequality (1) we have
Sb(Tx, Tx, xn+1) ≤ hSb(x, x, xn).
If we take limit for n→∞ we get a contradiction as follows:
Sb(Tx, Tx, x) ≤ hSb(x, x, x).
Hence Tx = x. Now we show that the fixed point x is unique. Suppose that Tx = x,
Ty = y and x 6= y. Using the inequality (1) we have
Sb(Tx, Tx, T y) = Sb(x, x, y) ≤ hSb(x, x, y).
We obtain x = y since h ∈ [0, 1
b2
). Consequently x is a unique fixed point of the
self-mapping T .
Corollary 3.1. Let (X,Sb) be a complete Sb-metric space with b ≥ 1, Sb be
symmetric and T : X → X be a self-mapping satisfying the inequality (1) for all
x, y, z ∈ X , where 0 ≤ h < 1
b
. Then T has a fixed point x in X .
Example 3.1. Let X = R and consider the Sb-metric defined in Example 2.1
as follows:
Sb(x, y, z) =
1
16
(|x− y|+ |y − z|+ |x− z|)2,
for all x, y, z ∈ R with b = 4. If we define the self-mapping T of R as
Tx =
x
6
,
for all x ∈ R then T satisfies the condition of the Banach’s contraction principle.
Indeed we get
Sb(Tx, Tx, T y) =
|x− y|2
144
≤ hSb(x, x, y) = |x− y|
2
72
,
for all x ∈ R and h = 1
18
. Hence T has a unique fixed point x = 0 in R.
Now we give the following theorem as a generalization of the Banach’s contrac-
tion principle on complete Sb-metric spaces.
Theorem 3.2. Let (X,Sb) be a complete Sb-metric space with b ≥ 1 and T be
a self-mapping of X satisfying the following condition:
10 N. TAS¸ and N. YILMAZ O¨ZGU¨R
There exist real numbers α1, α2 satisfying α1+
(
2b2 + b
)
α2 < 1 with α1, α2 ≥ 0
such that
Sb(Tx, Tx, T y) ≤ α1Sb(x, x, y) + α2max{Sb(Tx, Tx, x),(3)
Sb(Tx, Tx, y), Sb(Ty, T y, y), Sb(Ty, T y, x)},
for all x, y ∈ X . Then T has a unique fixed point x in X .
Proof. Let x0 ∈ X and the sequence {xn} be defined as follows:
Tx0 = x1, Tx1 = x2, · · · , Txn = xn+1, · · · .
Assume that xn 6= xn+1 for all n. Using the condition (3) we get
Sb(xn, xn, xn+1) = Sb(Txn−1, T xn−1, T xn) ≤ α1Sb(xn−1, xn−1, xn)(4)
+α2max{Sb(xn, xn, xn−1), Sb(xn, xn, xn),
Sb(xn+1, xn+1, xn), Sb(xn+1, xn+1, xn−1)}
= α1Sb(xn−1, xn−1, xn) + α2 max{Sb(xn, xn, xn−1),
Sb(xn+1, xn+1, xn), Sb(xn+1, xn+1, xn−1)}.
By the condition (Sb2) we have
(5) Sb(xn+1, xn+1, xn−1) ≤ b[2Sb(xn+1, xn+1, xn) + Sb(xn−1, xn−1, xn)].
Using the conditions (4), (5) and Lemma 3.1 we obtain
Sb(xn, xn, xn+1) ≤ α1Sb(xn−1, xn−1, xn) + α2max{Sb(xn, xn, xn−1),
Sb(xn+1, xn+1, xn), 2bSb(xn+1, xn+1, xn) + bSb(xn−1, xn−1, xn)
≤ α1Sb(xn−1, xn−1, xn) + 2bα2Sb(xn+1, xn+1, xn)
+bα2Sb(xn−1, xn−1, xn)
and so
(1− 2b2α2)Sb(xn, xn, xn+1) ≤ (α1 + bα2)Sb(xn−1, xn−1, xn),
which implies
(6) Sb(xn, xn, xn+1) ≤ α1 + bα2
1− 2b2α2Sb(xn−1, xn−1, xn).
Let d =
α1 + bα2
1− 2b2α2 . Then d < 1 since α1+
(
2b2 + b
)
α2 < 1. Notice that 1−2b2α2 6=
0 since 0 ≤ α2 < 1
2b2 + b
. Now repeating this process in the inequality (6) we get
(7) Sb(xn, xn, xn+1) ≤ dnSb(x0, x0, x1).
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We show that the sequence {xn} is Cauchy. Then for all n,m ∈ N, m > n, using
the conditions (7) and (Sb2) we obtain
Sb(xn, xn, xm) ≤ 2bd
n
1− b2dSb(x0, x0, x1).
We have lim
n,m→∞
Sb(xn, xn, xm) = 0 by the above inequality and so {xn} is a Cauchy
sequence. By the completeness hypothesis, there exists x ∈ X such that {xn}
converges to x. Suppose that Tx 6= x. Then we have
Sb(xn, xn, T x) = Sb(Txn−1, T xn−1, T x)
≤ α1Sb(xn−1, xn−1, x) + α2max{Sb(xn, xn, xn−1),
Sb(xn, xn, x), Sb(Tx, Tx, x), Sb(Tx, Tx, xn−1)}
and so taking limit for n→∞ and using Lemma 3.1 we get
Sb(x, x, Tx) ≤ α2Sb(Tx, Tx, x) ≤ α2bSb(x, x, Tx),
which implies Sb(Tx, Tx, x) = 0 and Tx = x since 0 ≤ α2 < 1
2b2 + b
.
Finally we show that the fixed point x is unique. To do this we assume that
x 6= y such that Tx = x and Ty = y. Using the inequality (3) and Lemma 3.1 we
have
Sb(Tx, Tx, T y) = Sb(x, x, y) ≤ α1Sb(x, x, y) + α2max{Sb(x, x, x),
Sb(x, x, y), Sb(y, y, y), Sb(y, y, x)},
which implies x = y since α1 + bα2 < 1. Then the proof is completed.
Corollary 3.2. Let (X,Sb) be a complete Sb-metric space with b ≥ 1, Sb be
symmetric and T be a self-mapping of X satisfying the following condition:
There exist real numbers α1, α2 satisfying α1 + 3bα2 < 1 with α1, α2 ≥ 0 such
that
Sb(Tx, Tx, T y) ≤ α1Sb(x, x, y) + α2max{Sb(Tx, Tx, x),
Sb(Tx, Tx, y), Sb(Ty, T y, y), Sb(Ty, T y, x)},
for all x, y ∈ X . Then T has a unique fixed point x in X .
Remark 3.1. If we take b = 1 in Theorem 3.2 then we obtain Theorem 1 in
[13].
Remark 3.2. We note that Theorem 3.2 is a generalization of the Banach’s
contraction principle on Sb-metric spaces. Indeed, if we take α1 <
1
b2
and α2 = 0
in Theorem 3.2 we obtain the Banach’s contraction principle.
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Now we give an example of a self-mapping satisfying the conditions of Theorem
3.2 such that the condition of the Banach’s contraction principle is not satisfied.
Example 3.2. We consider the S-metric space (R, S) with
S(x, y, z) = |x− z|+ |x+ z − 2y| ,
for all x, y, z ∈ R given in [12] and the self-mapping T of R as
Tx =
{
x+ 50 if |x− 1| = 1
45 if |x− 1| 6= 1 ,
for all x ∈ R defined in [13]. Since every S-metric space is an Sb-metric space, (R, S)
is an Sb-metric space with b = 1. Then the inequality (3) is satisfied for α1 = 0 and
α2 =
1
5
. Then T has a unique fixed point x = 45 by Theorem 3.2. But T does not
satisfy the condition of the Banach’s contraction principle since for x = 1, y = 0 we
get
S(Tx, Tx, T y) = 10 ≤ hS(x, x, y) = 2h,
which is a contradiction with h < 1.
5. An application of the Banach’s contraction to linear equations
In this section we give an application of the Banach’s contraction principle on
Sb-metric spaces to linear equations. To do this we consider the Sb-metric space
generated by
d1(x, y) =
n∑
i=1
|xi − yi| ,
for all x, y ∈ Rn. We note that the symmetry condition (1) is not necessary in the
following example.
Example 4.1. Let X = Rn be an Sb-metric space with the Sb-metric defined
by
S1(x, y, z) =
n∑
i=1
|xi − zi|+
n∑
i=1
|yi − zi| ,
for all x, y, z ∈ Rn, where b = 1. If
max
1≤j≤n
n∑
i=1
|aij | ≤ h < 1,
then the linear system
a11x1 + a12x2 + · · ·+ a1nxn = b1(1)
a21x1 + a22x2 + · · ·+ a2nxn = b2
...
an1x1 + an2x2 + · · ·+ annxn = bn
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has a unique solution. Let the self-mapping T : X → X be defined by
Tx = Ax+ b,
where x, b ∈ Rn and 

a11 a12 · · · a1n
a21 a22 · · · a2n
...
... . . .
...
an1 an2 · · · ann

 .
Now we show that the self-mapping satisfies the contraction of the Banach’s con-
traction principle. For x, y ∈ Rn we get
S1(Tx, Tx, T y) = 2
n∑
i=1
∣∣∣∣∣∣
n∑
j=1
aij(xj − yj)
∣∣∣∣∣∣ ≤ 2
n∑
i=1
n∑
j=1
|aij | |xj − yj |
= 2
n∑
j=1
n∑
i=1
|aij | |xj − yj| =
n∑
j=1
2 |xj − yj |
n∑
i=1
|aij |
≤
(
max
1≤j≤n
n∑
i=1
|aij |
)
n∑
j=1
2 |xj − yj| ≤ hS1(x, x, y).
Then T satisfy the contraction of the Banach’s contraction principle. Using Theo-
rem 3.2 the linear equations system (1) has a unique solution.
References
[1] A. Aghajani, M. Abbas and J. R. Roshan, Common fixed point of generalized weak
contractive mappings in partially ordered Gb-metric spaces, Filomat, 28(6)(2014),
1087–1101.
[2] A. Aghajani, M. Abbas and J. R. Roshan, Common fixed point of generalized
weak contractive mappings in partially ordered b-metric spaces, Math. Slovaca,
64(4)(2014), 941–960.
[3] T. V. An, N. V. Dung and V. T. L. Hang, A new approach to fixed point theorems
on G-metric spaces, Topology Appl., 160(12)(2013), 1486–1493.
[4] I. A. Bakhtin, The contraction mapping principle in quasimetric spaces, Funct. Anal.
Unianowsk Gos. Ped. Inst., 30(1989), 26–37.
14 N. TAS¸ and N. YILMAZ O¨ZGU¨R
[5] N. V. Dung, N. T. Hieu and S. Radojevic, Fixed point theorems for g-monotone maps
on partially ordered S-metric spaces, Filomat, 28(9)(2014), 1885–1898.
[6] O¨. Ege, Complex valued Gb-metric spaces, J. Computational Analysis and Applica-
tions, 21(2)(2016), 363–368.
[7] N. T. Hieu, N. T. Ly and N. V. Dung, A generalization of Ciric quasi-contractions
for maps on S-metric spaces, Thai Journal of Mathematics, 13(2)(2015), 369–380.
[8] N. Hussain, V. Parvaneh and F. Golkarmanesh, Coupled and tripled coincidence point
results under (F, g)-invariant sets in Gb-metric spaces and G-α-admissible mappings,
Math. Sci., 9(2015), 11–26.
[9] S. K. Mohanta, Some fixed point theorems in G-metric spaces, An. S¸tiint. Univ.
”Ovidius” Constanta Ser. Mat., 20(1)(2012), 285–305.
[10] Z. Mustafa and B. Sims, A new approach to generalized metric spaces, J. Nonlinear
Convex Anal., 7(2)(2006), 289–297.
[11] N. Y. O¨zgu¨r and N. Tas¸, Some fixed point theorems on S-metric spaces, Mat. Vesnik
69(1) (2017), 39-52.
[12] N. Y. O¨zgu¨r and N. Tas¸, Some new contractive mappings on S-metric spaces and their
relationships with the mapping (S25), Math. Sci. 11(7) (2017). doi:10.1007/s40096-
016-0199-4
[13] N. Y. O¨zgu¨r and N. Tas¸, Some generalizations of fixed point theorems on S-metric
spaces, Essays in Mathematics and Its Applications in Honor of Vladimir Arnold,
New York, Springer, 2016.
[14] N. Y. O¨zgu¨r and N. Tas¸, Common fixed points of continuous mappings on complex
valued S-metric spaces, submitted for publication.
[15] N. Y. O¨zgu¨r and N. Tas¸, The Picard theorem on S-metric spaces, submitted for
publication.
[16] S. Sedghi, N. Shobe and A. Aliouche, A generalization of fixed point theorems in
S-metric spaces, Mat. Vesnik, 64(3)(2012), 258–266.
[17] S. Sedghi and N. V. Dung, Fixed point theorems on S-metric spaces, Mat. Vesnik,
66(1)(2014), 113–124.
[18] S. Sedghi, N. Shobkolaei, J. R. Roshan and W. Shatanawi, Coupled fixed point theo-
rems in Gb-metric spaces, Mat. Vesnik, 66(2)(2014), 190–201.
New Generalized Fixed Point Results on Sb-Metric Spaces 15
[19] S. Sedghi, A. Gholidahneh, T. Dosˇenovic´, J. Esfahani and S. Radenovic´, Common
fixed point of four maps in Sb-metric spaces, J. Linear Topol. Algebra, 5(2)(2016),
93–104.
[20] N. Souayah and N. Mlaiki, A fixed point theorem in Sb-metric space, J. Math. Com-
puter Sci., 16(2016), 131–139.
[21] M. Ughade, D. Turkoglu, S. K. Singh and R. D. Daheriya, Some fixed point the-
orems in Ab-metric space, British Journal of Mathematics & Computer Science,
19(6)(2016), 1–24.
